This paper proposes a new approach to improve the calculation of the average cross-sectional area of breakup fragments, and a new technique for modeling the area-to-mass ratio distribution resulting from the new approach. This paper applies the proposed methods to the re-analysis of fragments from micro-satellite impact tests completed in late 2005. It can be concluded that the area-to-mass ratio distribution model resulting from the proposed methods fits very well with the fragments observed in the micro-satellite impact tests.
Nomenclature

A
: average cross-sectional area, m 2 A x-y : projected area in the x-y plane, m 2 A y-z : projected area in the y-z plane, m 2 A z-x : projected area in the z-x plane, m 2 A/M : area-to-mass ratio, m 2 /kg D A/M : A/M distribution L C : characteristic length defined as the average of three orthogonal dimensions x, y, and z, m M : mass, kg Ν
: normal distribution about the mean value µ with a standard deviation of σ x : longest dimension of a fragment, m y : longest dimension of the fragment in the plane perpendicular to x, m z : longest dimension of the fragment perpendicular to both x and y, m α : ratio of high material density fragments of all fragments generated χ : log 10 (A/M) λ C : log 10 (L C ) µ : mean value σ : standard deviation Superscripts SOC : Satellite Orbital Debris Characterization Impact Test (SOCIT) Subscripts H : high material density L : low material density
Introduction
Hanada and Liou 1) conducted tests to investigate the outcome of low-velocity and hypervelocity impacts on two identical target satellites. The target satellites were 15 cm by 15 cm by 15 cm in size and 740 grams in mass. The main structure was composed of five Carbon Fiber Reinforced Plastic (CFRP) layers (top, bottom, and three inner layers parallel to the top and bottom layers) and four CFRP side panels, assembled by aluminum-alloy angle bars and metallic spacers.
One test was performed using a 39-gram aluminum-alloy projectile at a speed of 1.45 km/s, while the other was performed using a 4-gram aluminum-alloy projectile at a speed of 4.44 km/s. The kinetic energy at impact in the two tests was approximately the same (55 J/g). NASA defines a collision with a kinetic energy to target mass ratio equal to or greater than 40 J/g to be catastrophic 2) so that the consequences of these tests can be considered as catastrophic.
The target satellites were completely fragmented after both tests, consistent with the NASA criterion. Approximately 1,500 fragments have been collected after each test. Hanada and Liou 1) measured and analyzed each fragment based on the method proposed by the NASA standard breakup model 2) . Preliminary analysis indicated that the area-to-mass ratio (A/M) distribution of the hypervelocity impact fragments showed a peak near 10 m 2 /kg. Note that a sheet of copy paper has an A/M value of about 7 m 2 /kg. Fragments contributing to this peak are needle-like fragments broken up from the CFRP plates. It is difficult to understand how needle-like CFRP fragments could reach such high A/M values.
The formula used in the preliminary calculation of the A/M value of fragments had been developed for the calculation of the average cross-sectional area of plate-shaped fragments. However, this formula may overestimate the average cross-sectional area of the needle-like CFRP fragments. Here we propose a different approach to establish a better model for the average cross-sectional area of the needle-like fragments.
We compare the plate-shaped formula with another formula developed for the calculation of the average cross-sectional area of an irregular-shaped fragment. Our analysis develops a simple and general transition between the irregular-shaped and plate-shaped regimes. This new approach is then applied to the re-analysis of the A/M distribution. We also propose a new technique for modeling the A/M distribution resulting from the new approach. We first split fragments into two groups, i.e. low and high material density, based on a to-be-defined criterion. Then, we express the A/M distribution of fragments in each group by a single normal (Gaussian) distribution. Afterwards, we combine them to establish a bi-normal A/M distribution model. This paper provides the details of the new methods proposed here. Also it proposes a new A/M distribution model based on the new approaches.
New Approach for Better Estimate of A/M values
The formula proposed in the NASA standard breakup model 2) for the calculation of the average cross-sectional area of a plate-shaped fragment is
This equation was used in the preliminary calculation of the A/M value of each fragment. However, this formula may overestimate the average cross-sectional area of needle-like fragments. Here we propose a different approach to obtain a better estimate for the average cross-sectional areas of the needle-like CFRP fragments. Another formula proposed in the NASA standard breakup model 2) for the calculation of the average cross-sectional area of an irregular-shaped fragment is
This equation provides the arithmetic mean of the projected areas in the x-y plane, in the y-z plane and in the z-x plane so that prior shape classification is required. For an ellipsoid whose equatorial radii and polar radius are x/2, y/2 and z/2, respectively, as an example, it becomes
We compare the plate-shaped formula of Eq. (1) with the irregular-shaped formula of Eq. (2) based on an approximate formula of the average cross-sectional area of the ellipsoid, given by
where p ~ 1.6075 yields a relative error of at most 1.061 % (see also Knud Thomsen's formula 3) ). Figure 1 demonstrates that the error of the average cross-sectional area based on the plate-shaped formula is highly sensitive to the x/y value. The error exceeds 100 % for x/y values greater than approximately 10. It can reach up to 1,000 % or more as the x/y value approaches 100. Note that a larger x/y value represents a needle-like fragment. Therefore, the formula overestimates the A/M value of the needle-like fragments. Figure 1 also shows the error of average cross-sectional area based on the irregular-shaped formula.
The error is insensitive to either of the x/y and y/z values. It is below 34 % even at the worst case where both x/y and y/z values are 100.
Our analysis indicates that a simple and general transition between the irregular-shaped and plate-shaped regimes can be developed as demonstrated in Fig. 2. Figure 2 also shows the x/y versus y/z distribution of fragments from the two micro-satellite impact tests presented in Hanada and Liou 1) . There exist many needle-like fragments whose x/y value exceeds approximately 7. Their A/M value should be estimated by the irregular-shaped formula but was estimated using the plate-shaped formula in the preliminary calculation of the A/M distribution. However, not only needle-like fragments but also three-dimensional fragments with smaller x/y and y/z values at the left lower in Fig. 2 and flake-like fragments in Zone III in Fig. 2 should be estimated by the irregular-shaped formula.
Therefore, approximately two thirds of all fragments were overestimated, more or less, in the preliminary calculation of the A/M distribution. Note that similar transitions can be developed for any shapes of fragments. We adopted this new approach to re-analyze the A/M distribution of fragments from the two micro-satellite impact tests presented in Hanada and Liou 1) . Figure 3 compares the A/M distribution based on the plate-shaped formula and those based on the new approach that includes the plate-shaped formula, an irregular-shaped formula, and transitions between the two. As mentioned earlier, the A/M distribution based on the plate-shaped formula shows a peak around 10 m 2 /kg. However, no fragment exists around 10 m 2 /kg in the new A/M distribution based on the new approach. Therefore, this is a more realistic distribution for the needle-like CFRP fragments. This implies that it is possible, without prior shape classification, to develop a methodology to estimate the A/M distribution of fragments of different shapes.
New Technique for Modeling A/M Distribution
The NASA standard breakup model 2) expresses the A/M distribution of fragments generated by a collision as a single normal distribution in χ. Its mean value and standard deviation are functions of λ C . Thus, 
to incorporate the two peaks in the A/M distribution, corresponding to low and high material density. Hanada and Liou 1) have indicated in the preliminary analysis that fragments can be split into two groups, high and low material density, in the size versus mass distribution. The former includes fragments with metallic components while the latter includes CFRP pieces. The fact that there exist two material density groups in the size versus mass distribution can be applied to the development of an A/M distribution model. Our further analysis on the size versus mass distribution leads to a criterion given by
to split fragments into the two groups as demonstrated in Fig.  4 . It may be noted that fragments in the low material density group account for only about 1 % of the total mass of all fragments. We adopted this criterion of Eq. (4) to split the A/M distribution in Fig. 3 into the two A/M distributions, corresponding to low and high material density. Figure 5 shows the A/M distributions split based on this criterion. Here we can model each A/M distribution by a single normal distribution individually. Later on, we can combine the two A/M distributions to establish a bi-normal A/M distribution model like in Eq. (3).
As demonstrated by dotted lines in Fig. 6 , we split each A/M distribution in Fig. 5 into several bins based on the value of λ C at intervals of 0.1. Next, as demonstrated by solid lines in Fig. 6 , we apply a curve-fitting technique based on a normal distribution of N(χ; µ, σ) to estimate the mean value and the standard deviation. Table 1 summarizes the mean values and standard deviations obtained by the curve-fitting technique. In order to express each mean value, µ L and µ H , and each standard deviation, σ L and σ H , in terms of λ C we apply a linear curve fit to the mean values and standard deviations in Table 1 . As a result, the A/M distribution of the high material density On the other hand, those of the low material density fragments may be described by a single normal distribution in χ about the mean value
Now we combine the two A/M distribution models, each described by a single normal distribution, to establish a bi-normal A/M distribution model. The easiest way to combine them may be by using the ratio between the low and high material density. Table 2 provides the number of fragments in each material density group. The ratios of high material density fragments to all fragments are also provided in Table 2 . We apply a quadratic curve fit to express the ratio of α in terms of λ C to obtain
This equation is valid with a value of λ C between -2.71 and -1.01. 
New A/M Distribution Model
We established a new A/M distribution model based on the aforementioned approach and technique. For −2.71 ≤ λ C ≤ −1.01 it may be given by a bi-normal distribution of The predicted A/M distribution is in excellent agreement with those obtained from the test. 
Conclusions
This paper has proposed a new approach to obtain a better estimate of the average cross-sectional area of breakup fragments, plus a new technique to modeling the area-to-mass ratio distribution of breakup fragments. We applied the proposed methods to fragments from the micro-satellite impact tests completed in late 2005.
The new A/M distribution model has been described by a bi-normal distribution to incorporate the two peaks in the A/M distribution, corresponding to low and high material density. The new A/M distribution model describes very well the fragments observed in the micro-satellite impact tests.
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